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Controlled Spin Transport in Planar Systems Through Topological Exciton 
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It is shown that a charge-neutral spin-1 exciton, realizable only in planar systems like graphene, can effectively 
be used for controlled spin transport in such media. The excitonic bound state is destabilized by quantum 
fluctuations, characterized by a threshold for excitation and melts in a smooth manner under thermal fluctuations. 
This planar exciton differs from the conventional ones, as it owes its existence to the topological Chern-Simons 
(CS) term. The parity and time-reversal violating CS term can arise from quantum effects in systems with 
parity-breaking mass-gap. The spinning exciton naturally couples to magnetic field, leading to the possibility 
of controlled spin transport. Being neutral, it is immune to adverse effects, afflicting spin transport by charged 
fermions. 
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Lower dimensional systems exhibit a host of unique fea¬ 
tures fl] , absent in their higher-dimensional counterparts. Re¬ 
alization of Majorana fermion 101, thin film topological insu¬ 
lators (TIs) 13], charge densi^ wave jj], helical transport il 
and charge-spin separation 10] characterize one-dimensional 
systems. Planar (2 h- 1 dimensional) materials have led to 
physical realization of large spin-orbit coupling 10], spin¬ 
momentumlocking lUtl and low-energy Dirac fermions Jgtl etc. 
2 h- 1 dimensional systems are endowed with non-trivial inher¬ 
ent topology, which manifests in quantum Hall effect lflol - [l3l] 
and boundary conductivity in TIs lfl4l - [l^ . having symmetry 
protected topological order 0. 

The characteristic non-trivial feature of the planar world, 
absent in their even-dimensional counterparts, is the manifes¬ 
tation of the topological Chern-Simons (CS) term, 

Ccs = ( 1 ) 

in the gauge sector, due to which, propagating photons can 
have gauge-invariant mass iflsU^ . Interacting particles can 
acquire additional spin 01914^ . leading to a change in their 
statistics ll^ l24l - l^ . The CS term arises due to quantum 
effects, in theories with parity-breaking massive fermions 
ifisl [I^ 123 - 1^ and bosons ij^. The advent of planar ma¬ 
terials like graphene jjgl and TIs ifTil [3 have led 

to physical realization of low-energy ‘relativistic’ planar sys¬ 
tems. Massive fermions have been experimentally realized by 
inducing sub-lattice density asymmetry in bi-layer graphene 
under transverse electric field 11^ 1^ and in graphene mono- 
layer, misaligned with the substrate The hexagonal 

structure of TIs leads to a single Dirac point, with locally 
inducible gap through magnetic induction ifl^ . The 

importance of mass term lies in the fact that in 2 h- 1 dimen¬ 
sions, mass-less particles are spin-less. Furthermore, parity¬ 
breaking mass term is essential for generating the CS term, 
not present in natural electromagnetism. 
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In this letter, we demonstrate controlled spin transport 
in graphene-like materials, through charge-less spin-1 exci- 
tons, owing their existence to this topological CS term. The 
fact that, the in-plane optical phonon and lattice curvature 
couple as t/(l) gauge fields to the emergent Dirac fermions 
of graphene, leads to possible realization of the topological 
CS term, along with a dynamic gauge part, through quantum 
corrections. The quantum fluctuations destabilize the bound 
state, at zero temperature. This leads to a parametric threshold 
for excitation of this topological quasi-particle. The bound- 
state smoothly melts at high temperature. 

Quite some time back, Hagen demonstrated the existence 
of this spin-1 exciton, a weakly bound fermion-antifermion 
pair, arising due to the CS term in 2 h- 1 dimensional gauge the¬ 
ory This is unlike the non-topological excitons, recently 
seen in graphene nano-ribbons Iddll and in TIs ll40] . Being a 
spin-1 object, this exciton naturally couples to magnetic field 
114^ . leading to possible controlled spin-transport in planar 
systems like graphene, which is fundamentally different from 
the spin-transport of spin-4 charged excitations, already re¬ 
alized in graphene and in TIs lld^ll . Similar fermionic 
bound states, possessing different spins, naturally manifest in 
various branches of physics. The Nambu-Jona-Lasinio model 

realizes pseudoscalar pions as mass-less bound state of 
protons and neutrons. The space-time parity-breaking low- 
energy topological Wess-Zumino-Novikov-Witten term El 
correctly describes the interactions of these particles in 3 h- 1 
dimensions. 

As mentioned earlier, in graphene, in-plane optical 
phonons and defect-induced lattice curvature 

couple to the low-energy relativistic fermions as U{1) gauge 
fields, the former having spatial components {ax,ay) oc 
{uy, —Ux) El . with Ux,y depicting relative displacement of 
the sub-lattices (Appendix A). This has led to ‘non-adiabatic’ 
effects, leading to ‘phonons behaving badly’ ifsitl . A tem¬ 
poral gauge component can also be introduced through the 
chemical potential El. The structure of gauge self-energy in 
the plane has a characteristic logarithmic singularity, causing 
‘Kohn anomaly’ El . This has been experimentally observed 
El, and realized in graphene through electron-phonon inter¬ 
action El . 
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Though lattice excitations in graphene couple to Dirac 
fermions as effective gauge fields, they do not a priory possess 
kinetic energy or a parity-breaking CS term. Both of these can 
arise through the induced effects of the underlying fermions 
to which the optical phonon couples. In case of graphene, the 
fermion mass arises through broken valley degeneracy, result- 
ing in a dispersion of the form: with 

scaling of mass (M —>■ Mvp) and coupling strength g —gvp 
by Fermi velocity vp ^ c, as compared to standard planar 
gauge theory 114^ . At low energies, where massive fermions 
are not excited, the gauge field dynamics is obtained by inte¬ 
grating out one of the minimally coupled fermionic fields, -tpg, 
from the primary Lagrangian: 


C = iIjs {hsdfj. - MsVp - gvpj^ap) i/js 

+ ’4’s' - Ms'Vp - gvp^^afj) •0*', (2) 

with s = — s' = ± denoting the two valleys K± of graphene, 
with respective Dirac matrices 7 ^ = (era,ici,is(T 2 ), in 
momentum-space The covariant momentum operator 

is defined as id^ := {icdo,ivpV). The corresponding low¬ 
est order quantum contribution to the remaining tree-level La¬ 
grangian, is expressed through the vacuum polarization tensor 
15^, split into parity even and odd parts as. 


= ne(9) + Ilo{q)e>^‘'fqp, 

q^ = cq° + vpq, 


with corresponding form factors ne,o(<z) respectively. This 
further represents the linear response of the system 11 ^ 
which is of interest here. The topological part, responsible 
for the induced CS term, is unaffected by contributions from 
fermion sector beyond 1 -loop iIstI - I^ . 

Following proper regularization (Appendix B), the vac¬ 
uum polarization form factors are found to be 16311 . 


ne(g) 


^ n /I f 2\M,\vl + \q\ \ 

dTT [M U q^ ) ^\2\M,\vl-\q\) 

\Ms\vy 


. Msvl g‘^v% 

n„(,) = -..—-g-iog 


/ 2\Ms\v% -f \q\\ 

{2\M,\vl-\q\J- 


(3) 


Evidently, both the form factors possess logarithmic singular¬ 
ities at the fermionic two-particle threshold, q^ = AM'^Vp, 
and these expressions are valid below the same, which is the 
domain of bound-state formation. The even form factor lie (<z) 
influences wave-function renormalization, while the odd one, 
no(( 7 ), is the 1-loop CS contribution. 

The effective Lagrangian now takes the form, 

Ce = tps' - Ms'Vp - gvp'y^Qf,) i/js' + Cg-, 

L —--f 4-Bn 

fflu — ^fl^u ^ut^fl: ^ — C — 1, (4) 


with dynamic CS gauge Lagrangian Cg and field-strength ten¬ 
sor for the emergent gauge field a^. It is worth men¬ 
tioning that —{l/'i)ffiuf^'^ is a compact way to write the ki¬ 
netic energy of the lattice vibrations. Cg is formed by the 
vacuum polarization tensor, and Ce is normalized modulo 
ne(g —>■ 0) = 1/ (l67r|M|?;|,), leading to the expression. 


M _ j ^o{q 0, Ms) 

2 “"®2ns(g^0,Ms) 


—2sMsVp. 


(5) 


The remaining fermionic field ips' can now be integrated out to 
obtain 1 -loop quantum corrections, through vacuum polariza¬ 
tion, having form-factors exactly like those in Eq. IB61 except 
Ms replaced by Mg '. 

Both secies of Dirac fermion are of same mass in 
graphene following the electron Hamiltonian 


H = J2 [^aAIA, + £bB\b, 

i 


[ABj+'a.c. 

(hi) 


The individual spin densities £a,b of A, B sub-lattices yield 
the mass Mvp = ^ {£a — £b) for both, akin to a finite chem¬ 
ical potential, as the sub-lattices have fixed opposite spins. 
The corresponding Dirac Hamiltonians for the two valleys are 
Bs = vp {(Jxkx + sayky) + azMvp at low energies. This 
equality of mass cancels out the individual 1 -loop topologi¬ 
cal contributions ill, unlike the even parts of vacuum po¬ 
larization which add up, yielding the dynamic part of the ef¬ 
fective gauge Lagrangian. The topological exciton manifests 
only if Ms > Mg', with the ‘lighter’ Dirac fermion having 
sufficiently low two-particle threshold 2Ms' to validate Dirac 
dispersion in graphene. It can be integrated-out to yield a CS 
contribution that does not cancel-out with p/2 in Eq. [S] as 
the latter will be logarithmically growing near the threshold 
(Eq. IB 6 b . This will finally yield the exciton through 1-loop 
Schwinger-Dyson equation (SDE) 1^ . Recently proposed 
‘penta-graphene’ displays intrinsic quasi-direetband gap Ib^l . 
which is a superposition of two hexagonal arrays, wherein in¬ 
ducing a second ’independent’ mass gap may be possible. 

It is worth pointing-out that, a pure CS term, dominant 
one in low energy limit, is devoid of dynamics. It repre¬ 
sents a parity-breaking four-Eermi interaction between the 
ligh t fermions, akin to the BCS heory of superconductivity 
1^, where the phonon interactions in the Erohlich Hamilto¬ 
nian ibSl] . leads to an effective four-Eermi term. Eurther, the 
expression for binding e nerg y resembles that of the Landau- 
Ginzburg gap equation However, here it is a physi¬ 

cal bound state formation, unlike the spontaneous symmetry 
breaking in superconductivity. 

The modification of dynamics at tree-level due to quan¬ 
tum corrections can be represented through the SDE. Incor¬ 
porating covariant gauge-fixing, the non-perturbative 1 -loop 
propagator, containing contributions from an infinite number 
of bubble diagrams, is obtained as (Appendix B), 
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FIG. 1. Plot of binding energy e as function of coupling strength gvp 
with effective gauge field and the CS coefficient ft, for \Mgi \vp being 
1 (maroon), 1.5 (green) and 2.5 (blue) respectively (in natural units). 
All three show suitable regions for bound state formation (small e) 
marked in red color, signifying the importance of the condition ft > 
2 \M^i \ vp. 


G'P'iq) ^ 


g2{l + ne((7)}2 + {no(q) + ift} 
X [(gV-^^V){l + ne(g)} 


- e'"''Pqp{Uo{q) +in}]- ^ 


qt^q'' 


( 6 ) 


with a non-trivial, gauge-invariant pole corresponding to 
q^{l -t- ne(g)}^ + {no((?) -F ip,}^ = 0 , which can represent 
a physical state if^ . Here the over-all scaling, introduced in 
Eg. |5l is factored-out. Such a pole was obtained by Hagen 
in ‘pure’ CS QED 3 (Cg replaced with Ccs in Eq. |2] 
with parameters suitably redefined), just below the fermionic 
two-particle threshold; ^ (2|rn| — e)^, 0 < e -C 1, 

interpreted as a fermion-antifermion spin-1 bound state (ex- 
citon), as planar particle and antiparticle have the same spin 
projection j^ . It has a ‘binding energy’ that translates as 
e ~ 4|Ms'|r;|.exp (^—iirp/g'^Vp) in graphene parameters. In 
presence of the dynamic term, we obtain a significantly mod¬ 
ified expression; 


e« 1?;|. -| . (7) 

In both these cases, presence of Ccs at tree-level in the effec¬ 
tive theory, is necessary for obtaining a self-consistent (small 
magnitude) value of the exciton binding energy, that disap¬ 
pears for vanishing (7(1) coupling g. As can be checked with 
different gauge Lagrangians, for p = 0, such a value cannot 
exist, thereby highlighting the intrinsic topological nature of 
this exciton. 

The smallness of the binding energy (e) necessitates a 
negative exponent, thereby fixing a threshold value pt = 
2 \Ms’\vp for bound-state formation, highlighting the desta¬ 
bilizing effect of vacuum fluctuation on the excition due to 


the kinetic energy term. It further explicates the fact that as 
the theory is topologically massive at the tree level (Appendix 
B), to be realizable in the gauge sector, the exciton cannot 
be lighter than the rest mass of the gauge particle. This is 
one of the main results of this letter. This ‘non-perturbative’ 
scenario, even with relatively large coupling strength gvp, is 
justified in terms of the large-N suppression of higher-order 
contributions 1^ . Eor a negative exponent, a shallow bound 
state is physically meaningful for small coupling gvp, and 
deep otherwise, maintaining the self-consistency regarding 
e <C \Ms'\vp. The parametric regions for attaining this ex¬ 
citon is shown in Eig. [T] 

Interestingly, the appearance of Vp in the denominator 
of the exponent in Eq. IB 101 makes the transition about pt 
more prominent, than what it would have been in vacuum, as 
uf ^ 1 in natural units. Hence, though both exciton binding 
energy and formation threshold are small in graphene, due to 
smallness of vp, the sensitivity to the bound state formation 
will be considerably higher, making experimental verification 
more likely. 

The physical properties of this exciton are most evident 
from the renormalization coefficients, large-N protected be¬ 
yond 1-loop, that can be read-off from Eq. IB7I The Lehmann 
weight Z 3 = [1 -F ne(q)]~^ vanishes near the two-particle 
threshold, owing to the logarithmic singularity, marking emer¬ 
gence of bound-state as per Kallen-Lehmann spectral repre¬ 
sentation if^ . This further shows vanishing of the renormal¬ 
ized charge g^Vp = Z^g'^Vp, representing a charge-less state. 
The renormalized topological mass; pr = [p — ino(( 7 )] Z 3 
leads to p^ > 4M^,u|. in the same limit, marking the thresh¬ 
old. 

This topological excitation has unit spin Ri TSH] 
mil, with, 


r 


- 2 sMsVp - s' \Ms\vp log 


, Ms. 
\Ms. 


\Ms. 

;\Ms\vp log 


A\Ms'\vl, 



being the net CS coefficient, near the two-particle threshold 
of the lighter fermion. It is being proposed as an ideal can¬ 
didate for controlled spin-transport, unaffected by local elec¬ 
tric fields for being charge-neutral. Its dynamics can be con¬ 
trolled by an external magnetic field B, allowing for spintron- 
ics. The corresponding ‘external’ gauge field (Ap) couples to 
the Dirac fermions with the same strength gvp- The resultant 
effective gauge action, at low energies, contains an interaction 
term between the two gauge fields, resolvable as. 




1 

2 


ne{q^2\Mp\vl,Mp) 

U,{q^0,Ms) 






(8) 


with external field_tensor F^'^ = F'-^ = B± is 

the component of B normal to the surface of graphene, that 
couples to the exciton spin pseudo-scalar in the same direc¬ 
tion. This is clearly evident in the exciton rest-frame, where 
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the first term of Eq. [ 8 ] representing orbital motion, vanishes 
( fiiy = 0). However, the gauge-invariant mixed CS term 
(la QJ, It^ in the second, with corresponding valley contri¬ 
butions adding-up survives. This represents exiton spin 
coupling with B±, with magnetic moment 2r qq, which is log¬ 
arithmically large near the two lighter fermion threshold. The 
temporal gauge field component oq, physically equivalent to 
a chemical potential if^ . is unlike the ‘spatial’ ones [qx, a,,) , 
which are resultants of relative sub-lattice displacements 
and thus, are geometric in nature. The non-dynamic mixed 
CS term inseparably associates quantized magnetic flux to an 
electric charge 11 ^ uM . rendering a non-zero oq that rep¬ 
resents electrostatic potential due to charge polarization in¬ 
duced by B± iH. Additionally, the planar spin being a 
pseudo-scalar, Cp equivalently represents interaction of exi¬ 
ton spin with external gauge momentum, akin to a reduced 
Pauli-Lubanski ‘pseudo-scalar’. 

The effect of thermal fluctuations on this topological ex- 
citon is demonstrated through a finite temperature treatment 
ill, yielding the temperature dependent extension to 
(Appendix C). Interestingly, the corresponding 1-loop propa¬ 
gator has two non-trivial poles, with only one being physically 
acceptable. Near two-fermion threshold, the corresponding 
expression for exciton binding energy obtained as. 


iA\Ms'\v% exp 


-T 


47r 


\M, 


-H* - Stt 


g'^vjp 


-I- IGtt 


\M, 


- 1 


(9) 


correctly depicting smooth evaporation of the exciton at 
sufficiently high temperature. In the conventional high- 
temperature approximation (T ^ q, m), the finite tempera¬ 
ture form factor is nT((j', T) = Tg'^VpIlt{q), where. 


1 1-ll-P 

n,(g) = -log( 2 ) ^ ^ ( 10 ) 

I go I I go I 

is temperature independent, as per dimensional arguments 
izil]. In the T = 0 limit, e goes back to the zero-temperature 
expression, modulo a constant, owing to non-analytic continu¬ 
ation from non-covariant T p 0 sector to covariant T = 0 one 
in. The condition for exciton melting can be estimated as 
T ^ (|M|up/47rnt) from this, which may be physically ver¬ 
ifiable, provided the corresponding temperature is still within 
the low-energy domain where Dirac dispersion is valid. 

Near two-fermion threshold in graphene, one has Hj r; 
(l/47r) log(2)|go/Afs'f|’|, as UF ^ 1- The presence of Fermi 
velocity vp enhances the temperature effect, making the ex¬ 
citon more vulnerable to melting in grahphene, than in vac¬ 
uum. This increases the possibility of experimental observa¬ 
tion, given that the crystal does not melt first. 

In summary, we have demonstrated that emergent Dirac 
fermions coupled with phonon-induced gauge fields, effecting 
a dynamic CS gauge Lagrangian, yields intrinsically topolog¬ 
ical novel exciton in planar systems. Appearing in the gauge 
sector, they are charge-neutral spin -1 excitations, ideal for 


spin-transport in graphene-like systems, where massive Dirac 
modes have been realized. This exciton is characterized by a 
parametric threshold, reflecting competition of quantum fluc¬ 
tuations with topological stability. Further, it smoothly disap¬ 
pears at high temperatures. The dynamics of this exciton can 
be controlled by an external magnetic field, leading to spin- 
transport. The observation of the topological planar exciton 
will not only demonstrate the gauge-invariant mass of a prop¬ 
agating spin -1 bound state, but will also substantiate the cor¬ 
responding topological spin. The charge-neutrality and the 
topological origin of spin ensures its stability against charge- 
dependent forces and both quantum and thermal fluctuations. 
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Appendix A: Emergence of Gauge Fields in Graphene 

The low-energy optical phonons in graphene can be repre¬ 
sented by the relative displacement vector of two sub-lattice 
atoms A and B as IHt], 


u{^ = ^[uA{q)-UB{q)\, (Al) 

which depends on spatial momentum q. The second quantized 
version of the above in configuration space is, 

9,Q 

(A2) 

with number of unit cells N, carbon atom mass Me and g = 
[I, t) labeling longitudinal or transverse modes. The phonon 
creation (a^ -) and annihilation (a^ g-) operators correspond to 
states with definite polarization eg{q). The electron-phonon 
interaction Hamiltonian, for a low-energy nearest-neighbor 
tight-binding model, can now be expressed as 

'Hint = {uyi^o-x T Uxir^a-y ), (A3) 

corresponding to K± valleys respectively. Here, b = a/s/3 
is the equilibrium bond length, 7 = 7 ox/ 3 a /2 with 70 be¬ 
ing the resonance integral between nearest neighbor carbon 
atoms, and 


^ dlog(7o) 

^ dlog( 6 ) ■ 

The appearance of Pauli matrices ax,y in Eq. IA3l and compar¬ 
ison to the effective Dirac Hamiltonian H = vpd.k + azMvp 
identifies a (7(1) gauge field with spatial components, 

{axir), ay{r)} = {uy{r^, -Ux{r^} , (A4) 
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that couples minimally to the Dirac fermions. The normal¬ 
ization and re-definitions of the emergent gauge field is done 
accordingly. 


Appendix B: Topological Exciton with Excitation Threshold 

While explicating the 1-loop contribution to the gauge 
propagator, and subsequent emergence of the exciton, we 
consider standard QED 3 parametrization for brevity. This 
amounts to the replacements: Mvp m, gvp e and 
jl ^ g. The role of the tree-level gauge Lagrangian, 

^9 = (Bl) 

is to determine the tree-level propagator. 


Form Factors 



FIG. 2. Plots depicting regulated amplitudes of even and odd form 
factors of vacuum polarization tensor. Both have discontinuities, 
shown by red dashed lines, that appear at two particle threshold, i.e., 
|m|/|g| = 0.5. Here is assumed to be 1, for simplicity, in natural 
units. 


'-'F 0 ~ 








(B2) 


with covariant gauge depicted by the last term. It modifies 
the 1-loop Schwinger-Dyson equation (SDE) B: 


[GTiqT^ 


G 


(0) All/ 


(q) 


(B3) 


thereby effecting the pole structure of the full propagator 
{q). The full propagator gets contribution from a series 
of infinite vacuum polarization [ 11 '^'^ (g)] terms, making the 
result non-perturbative S. On integrating out the fermion 
field from the full Lagrangian, 


C = ipix) — m) tp{x) 

- e'ilj{x)a^^{x)'>p{x)-ff, +Cg, {h=c= 1), (B4) 

the vacuum polarization contribution to the effective gauge 
action is obtained as. 




nr(g) = K'^iq) = ^oiqV'yp, 

= ^9<^q^ _ q^q-^ = diag(l, - 1 , - 1 ), 


ne(g) 

^oiq) 


Att 


kl G 



log 


( 2|m| -F |g| \ 

V 2 H-|g|; 


. m , / 2 |m| -F \q\\ 

* 47 r |g| (, 2 |to| - \q\) ' 



(B 6 ) 


The parity-odd contributiorO]n^‘'(g), unique to 2 h- 1 dimen- 
sions S arising due to non-zero trace of three Dirac matri¬ 
ces, is the induced CS contribution. The parity even contribu¬ 
tion (q) is responsible for wave-function renormalization 
S. The plots of both the form factors [He o(g)] have been 
shown in Eig. |2l with the well-known singularities at the two- 
particle threshold: q^ = 4m^. The above results are valid 
below the same, and requires the replacement: 


log 


/2 |m| -F |g| \ 

V 2 |m|-|g|; 


log 


/ 2|m| -F \q\ \ 

V 2 H-|g|; 


— ITT, 


above it, owing to the corresponding branch-cut. Eor dynamic 
CS QED, including the tree level propagator from Eq. IB21 the 
full 1-loop propagator is obtained through the SDE as Jhj], 


U^^^{q)=ie^TrD j 


(Pp 




d 


+ 1 ^-^Sf{p) 

Opu 


(B5) 


Sf{p) = [l^Pti - m\ 


P±=P±^, PtJ. = idt,, 


with the Schwinger regularization adopted in the second 
term in the integrand that removes the UV divergence for zero 
gauge momentum {q = 0). The rest of the integral is standard 
and can be evaluated by the derivative expansion method ifs^ . 
to obtain 


Gr(9) ^ 


q‘^{l + Ile{q)y + {Iio{q)+ip} q^ 


X [(g^g'^-p'^V){l + ne(g)} 

- e^''Pqp{Iloiq) +ip}]- ^ 




(B7) 


^ In graphene, Dirac matrices: 7 ^ = ( 0 - 3 , icji, 250 - 2 ) contain the valley in¬ 
dex s = ±, which appear multiplied to IIo, due to complete antisymmetry 
of 
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This leads to the non-trivial pole governed by, 

q^l + n.iq)}^+ = 0. (B8) 

The near two fermion threshold is parametrized as = 

(2|m| — e), where e is small and positive, and to be interpreted 
as the binding energy of the exciton. On expanding the form 
factors to lowest power of e and noticing that the logarithm 
diverges much faster than any other term in their expressions 
one obtains. 


We first proceed to obtain the contribution to the even part of 
vacuum polarization, for which we follow the formalism by 
Weldon originally carried-out in 3+1 dimensions. Intro¬ 
duction of finite temperature includes the notion of a thermal 
bath as a physical reference frame, thus breaking the mani¬ 
fest Lorenz co-variance. However, it is possible to obtain a 
Lorentz covariant formulation by projecting onto and out of 
the bath coordinate vector {u^} IITlI] . Then the temperature 
dependent part of the even component of vacuum polarization 
can be expressed as. 




1 , IV /4|m| 

2H Vl + jj'-H- 


4|m| 


167r|r 


log 


4|7 


1 m 

no(<?) = —-p-r log 

OTT m \ e 


e 

4|m 


- 1 


and 


(B9) 


Then, from Eq. IB8I the binding energy of the exciton is. 


nr(g,T) = + ni(g,cc)i?'^", 

R^i/ — 2 x 02 4” tTix 4“ U^gix); 

g W 

UJ = q.u, - g^, 

(C3) 


e 


4|m| exp 


( 47r 

i 72 " 


2 |to| — fjL- 


(BIO) 


Here is transverse and is longitudinal in nature and 
are orthogonal to each-other. The thermal form-factors are 
expressed as: 


As expected, the above expression of binding energy yields 
Hagen’s result as a special case, without the first term in the 
exponent. 


Appendix C: Effect of Thermal Fluctuation on Exciton 

The extension of above system to finite temperature has 
been carried out in this section. In 2+1 dimensions, results 
were known for mass-less fermion case S and induced CS 
term iS at low energies. We here obtain the general results, 
near two-particle threshold. Adopting the real-time formalism 
of QFT, the fermionic propagator at T 7 ^ 0 is obtained from 
that at T = 0 as if?^ . 


Sf{p.P) = U{p,f3)SUp)U^{p,P) = SUp) + sUp) 

= - - -h 2 i7TnF{\p^\){'-f.p — m)5 (p^ — m^) ; 

7 .p — m ^ 

«+(!/!) = — 

Sin0/3 COS0/3 J i_|_g0|p“|’ 

0/3 = sin-1 I y'nFilp^l)} , /? = 1/T. (Cl) 


On separating-out the zero-temperature contribution, the finite 
temperature correction is identified as. 


n^^(g) = iTr / rS°F (p+) (p_) + rS^F (p+) 


X YS^F{p-) + rs^Fp+)rs^Fip-) 


P±=P± 2 ’ Pri=id^- 


(C2) 


nL(g,u;) 

nT(g,w) 

Re 

Re 


-inL(g,w) -b 

e^Gf[q,uj), 

e^Hf{q,uj). 


(C4) 


The real part of H^"^ is of interest here, as the imaginary part 
of the same corresponds to the induced CS term, which was 
obtained by Babu et al JUt], along with the T = 0 contribu¬ 
tion, in 2+1 in the high temperature limit T ^ q,m suitable 
for present discussion. We will obtain the general result in the 
imaginary-time formalism shortly, and show the mentioned 
result as a limiting case. 

From Eqs. IC3l and lC4l one obtains: 


\q\^A{u)l - sqoujp - rn?) + q^ 


X 


Hf{q,T) = 


X 


& 

gtxip/T _|_ 2 ^ 

\q\^4{uJ^-sqoUJp -m^) + q^ 

dujp 

ePpjT _|_ 2 ’ 


where Wp =p?‘+m}. The finite temperature contribution does 
not introduce additional divergences in. It is well-known 
that the above Wp-integrals cannot be solved exactly ItHi . As 
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FIG. 3. Plots of finite-temperature parts of coefficients of vacuum po¬ 
larization tensor as functions of \q/qo\. Here, fi^t = log(2), 

the prior can be large and positive only for unphysical values of 
Iq/qol, i. e., larger than 1, beyond the dashed green line. 


mentioned before, we ought to take the high temperature (T) 
limit with ujp := xT, finally yielding, 


nL(7,r) 

nT(g,T) 


T 




^e^log( 2 ) 


q_ 

90 

2 

90 ' 

3 I go ' 


-I 

go ' 


and 


l-P' 

' go ' 


(C5) 


These contributions are linear in T, as in the hard thermal loop 
(HTL) approximation for 2 h- 1. This is expected from dimen¬ 
sional arguments as the 3 h- 1 counterparts are quadratic in T 

izl. 

To obtain the 1-loop gauge propagator at finite tempera¬ 
ture, the obtained finite temperature results are to be molded 
in suitable forms. By choosing u = (1, 0,0), 


nr(g,T) = ^ (^t - 

r 

+ ^(nT-ni)u^u", (C6) 

q 


and low momentum limits that falls back to the low-energy 
expression, given in Ref. if^ . for q ^ 0. In that domain, 
up to 0{1/T), the form factor no(g, T) is independent of the 
external momentum q as has been checked explicitly. The 
full tree level gauge propagator at finite temperature (includ¬ 
ing zero temperature contributions), G^J^{q,T), is obtained 
through the replacement if?^ . 




27r 


ggo/T _ p 


Hq^ -rrig), 


in the over-all factor. The finite-temperature contribution van¬ 
ishes for q^ ^ rri^, where nig is the mass of the gauge par¬ 
ticle. Since q is the external momentum, and we eventually 
are interested in the region just below the two-particle thresh¬ 
old, this contribution can be neglected from the onset as ei¬ 
ther m?g = 0 or TOg = < 4to^, with quantum corrections 

included. Thus, one can work with the zero-temperature tree- 
level propagator, which has been verified directly too. 

The expressions for temperature-dependent exciton bind¬ 
ing energy, e, that we are going to obtain are expected to yield 
zero temperature results in the smooth limit T ^ 0. 

In presence of tree-level propagator, one obtains. 


G^^{q, T) = aiq, + b{q, T)q^q^ + c{q, T)u^u'' 

+ d{q, T){qV + u>^qn + e(g, 

Ut - q^ (He + 1 ) 


a(g,T) = 


[IIt - (lie + 1)] + g^ (IIo + in) 


[n,-qHll^ + l)]+p(Ilr-Tl,) ^ 

Kq^T) = - 2! 2 ^TT , 1^ TT 1 -a(g,r) 


g2 [g2 (He + 1) - Ul] 




f q^ (nr - Hl) f ^ 

c{q,T) = ——--a g,r , 

g2 [Hi - g2 (He + 1)J 

d{q,T) = -^c{q,T), 

q 

/ Ti'i (IIo + in) ( rr\ 


(C8) 


which is to be substituted in the finite temperature I-loop 
SDE, 

{G'P'iq, T)}-' = {G^°{q, T)}-' + nr (g, 0 ) + nr (g, r) 

+ nr(g,r) + igV, 

nr(g,T) = -*^^ + 

X (C7) 

with = w? — x(l — x)q^ and X = ^ + xr, where 
r = 0,±1,±2... Here, nr(g,’r) is the complete finite tem¬ 
perature odd 1 -loop contribution at suitable high temperature 


The gauge dependence retains its covariant form in 6(g). 
Also, c(g) and d{q) vanish at zero temperature and the corre¬ 
sponding full propagator is retained. 

At finite temperature, following Eqs. IC8I there are two 
non-trivial pole equations, 

n^, — q^ (Eg -F 1) = 0 and 
[Ut - g" (He + 1)]" + g" (Eo + = 0, (C9) 

without gauge dependence, ensuring physicality. The con¬ 
ventional high-temperature approximation (T ^ q, m), along 
with the e-expansion near two-fermion threshold yields. 
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no(g,r) 

ne(g,0) 



!]■ 


(CIO) 


On the other hand, the second pole equation in Eqs. |C9] cor¬ 
rectly represents evaporation of the exciton at sufficiently high 
temperature. Near two-fermion threshold, on substituting the 
expressions in Eqs. ICSI and IClOl in this pole equation leads to 
the exciton binding energy. 


Consequently, the first pole equation unacceptably shows in¬ 
crease of binding energy with temperature, in the physi¬ 
cal domain |(jf| < jgol, as illustrated in Eig. Oby plotting 
temperature-independent terms, nj t(q) = IlL^T{q,T)/Te^. 


4|m| exp 


.T±Ln, - 8,4 +16,4 - 1 


. (Cll) 
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